IER

Journal of Physics and Chemistry of Solids 61 (2000) 1561-1566

JOURNAL OF
PHYSICS aAnp CHEMISTRY
OF SOLIDS

www.elsevier.nl/locate/jpcs

A method for solving Bloch equation for Morse potential

B.S. Tosc!'® D. Popov™

Anstitute of Physics, Faculty of Sciences, 21000 Novi Sad, Trg Dositeja Obfadgvitugoslavia
PCatedra de FizitaUniversitatea “Politehnica” din Timjsara, Pigg Horafiu No. 1, 1900 Timjisara, Romania

Received 8 December 1999;

accepted 22 February 2000

Abstract

A method is presented for solving the Bloch equation for Morse potential, based on the application of Fourier transformation
of the density matrix. The results obtained agree completely with the results obtained by other methods, however its advantage

lies in its elegance and intuitivity of the approa&h2000 Elsevier Science Ltd. All rights reserved.

Keywords Bloch equation; Morse potential; Internuclear potential

1. Introduction

In order to obtain more correct estimate of the interaction
potential in the case of diatomic molecule vibrations,

one, it has been known for a long time, however, we
consider that each new approach to solving some problem
can help clarifying some aspects, or even raising some new
questions. From this point of view, the method proposed

several models of the internuclear potential were established definitely broadens the scope of the application of the very

during the decades [1-3]. Among many models for the
potential function, a particular role is given to the potential
proposed by Morse [4]:

V(r) = D[1 — exp(—a(r — re))l%, (6h)

wherer represents the internuclear coordinatés the equi-
librium position of the system of two nuclei in the diatomic
molecule,«a is Morse constant of the anharmonicity, abd
is the dissociation energy of the diatomic molecule.

The arguments for such a statement are the following: (a)
Morse potential allows for an analytical solution of the
Schralinger equation and is characterized by a finite

model.

2. Bloch equation

Generally speaking, when one considers a quantum
physical system characterized by a certain potent{a),
the first problem is to solve the corresponding Sdimger
equation for the stationary states:

O

2 —
oV T V(r)]‘l’n(f') = E, ¥n(), (3]

number of bound states; (b) theoretical spectroscopic results whereW, () denotes eigenfunctions, aig—energy eigen-

obtained using Morse potential in the case of vibrational
motion of diatomic [2] (as well as poliatomic) molecules,
and also in the case of molecular collisions agree well with
experimental data.

All this makes this potential a subject of numerous prac-
tical applications and related results are rather often quoted.

values of the system, whiledenotes the set of all quantum
numbers determining a particular state of the system.

The system which can be completely characterized by the
eigenfunction¥,(f), i.e. when the information about the
system is complete, is entitled as there systemand the
corresponding states apeire quantum stated his implies

We think that these are strong enough reasons to deal in that these states are of ideal character, since it is very diffi-

more detail with another method for solving Bloch equation
for Morse potential. The result obtained is in no way a new
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cult to obtain the complete information about any quantum
system in practice.

In the case of realistic quantum systems it is generally
impossible to obtain the complete information, so such
systems are entitlethixed systemsnd corresponding states
are no more pure ones, batixed quantum statedlixed
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systems are not characterized by a eigenfunction, but by a with the initial condition:
density matrix ] , ,
If we consider a system characterized by the quantum }}[“,OP(X’X i B) = d(x = X).
canonical distribution, in the coordinate representation,
the density matrixo(f,7’; B) is expressed in the following

®

We assume that it is worth looking for a compacialy-

way: tical solution (i.e. in terms of some special analytical func-
1 . tions), of Bloch equation for Morse potential, since this
p(T, 7 8) = — Z e VAGYMNG) would open the door taew, anharmonic (Morse) spectro-

2(B) 5 scopy( = [MS)]), which would include as the limiting case

(for x small) the present harmonic spectroscops: [HY)):

1 _BEn
Zp) Z " lim [MS] = [HS], ©)
X—0;(x<K)
The importance of the density matrix lies mostly in the fact N - .
that itstrace, (or Spui is so called partition function or sum having in mind the limit for the potentials:
(integral) of the states (depending on the character of the i v, =V, (10

energy spectrum: discrete or continuous): x=0;(x<)

In this way, numerous calculations of spectroscopic quan-
tities would be simplified and also their analytical expres-
sions could be derived, which would make easier the
estimate of various physical parameters entering these
analytical expressions.

In the paper [7] the case with present rotation was
discussed (quantum rotational numhes# 0) for Morse
oscillator, in the manner in which it was done in the work

26)= [ or:p o @
One can express all thermodynamical quantities charac-
terizing particular quantum statistical system in terms of the
partition function [5].
An alternative approach for the calculation of the density
matrix is to solve the Bloch equation [6]:

9 . " of Pauling and Wilson [8] for the rotationless case. The
_@p(r’? 1B =HMp(T. T B), ®) following expression was obtained for the diagonal
elements of the density matrix:
with the initial condition:
c
; /. — =l Il = -
/LIH]OP(?,? ;B) =08 —T). (6 a (d V)

e ,Zz(c/d),z\,, 1

pu(d =
In our opinion, this is more elegant way, since in this case
one generally avoids direct solving of Sc¢tinger equation,
i.e. this method does not assume the knowledge of energy

Cc Cc
! — — — —
V.F( 2v 1) F( 2V>

. L : . 2
e_lgenvalu_es. However, B_Ioch equatlop is a partial differen- <| F[ = v, c_ niz) | (11
tial equation, whose solving in the majority of cases repre- d
sents a complex mathematical problem, and makes the
problem more challenging. The standard notation used here is:
In the case of the harmonic oscillator potential, the Bloch o 3
equation was solved by Feynman [5]. Applying this method, > - — (2 - —)J(J +1)
this equation was solved for somewhat more complicated i Ye e e 75 (12
case of the rotational harmonic oscillator [7]. aV/D [D + L(_l + i)‘](‘] + 1)]
The problems becomes complicated when the potentials ale afe
of anharmonic character are taken into account, since, in
most of the cases, the partial differential equation can not 2m 1 3 \J¥2
be solved exactly analytically. z= ZW[D + 033 + 1)(* are + aTré)] e e,
13
3. The statement of the problem
V2mbD 72
We are interested in solving the Bloch equation for the Ye = 5 0= m (14

case of one-dimensional Morse potential:

2 2
ip(x,X’;B)—[ ’

B

~ o3z T DA~ e“x)z]mx, X B).

)

From here ony represents quantum vibrational number,
I'(t)—Euler function of Il order, andF(—v, y; Z—degen-
erated hypergeometrical function.

By solving the Schidinger equation for Morse potential
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[8], energy eigenvalues were obtained:

EVJ=D+UJ(J+1)(1—1+ 3 )

After the separation of variables, we arrive to two sepa-
rate equations:

A K+ 2)) — 2A(K + )

are  a’rg F1+K
Ak 1+k
(adam) (G -2-3) a9
- ra - 5 /.
2y2m) \d ___ 1 Bsh _ g 22
. . B,(K';f)  of ’
as well as eigenfunctions:
Now we have to solve the equation:
c
aF(d —V) v2 1 B
V(2 = [ . c ] B(ksh  af
23
v!F(— —ov-— 1)1"(— - 2v) , . (
d d aBy(K'; ) IB(K';T) ..
S T O = PRk,
><e(‘m)zz((”z)«dd)‘z"_l”F( —v, % —2v; z). (16) meaning that we should have:
df dk’ df 1 dB,(K'; )
So, on the basis of the Egs. (3), (15) and (16) there exist 1T 0 1"~ *5 m
some vague indications how the functip¢x, x'; 8) should v (24
look like. dB,(K’; f) _
M — —pdf; B(K;f)=Cp, e ™
Bv(k/,f) pdf’ BV( ’ ) Cl,V e 5
4. Solving method leading to:
I — 0. {— . —
We shall try to apply the method of Fourier transforma- dk’=0; k' =Cpi Cry = Pu(Ca). 29
tion, so we first introduce dimensionless quantities: So we obtain:
/2mD . ah , L =d,K)e ™
y=YIu f=pp; A= i =iy ap D=0 9
2mD where, at the momentp is an arbitrary function. It will be

and then introduce Fourier transformation for the function determined later when we discuss the problem of the

p(y.y' )

symmetry of the functiofF (k; k’; f) with respect to variables
k andK/, i.e. the symmetry of the density matrix (which in

FkK;f) = 2i rw e WKY) iy v f) dy dy. (18) this case is a real function), with respect to variablesd
T ) - Xl.
In this way we obtain the following differential-difference In order to solve the equation with the varialite
equation related to the Bloch partial differential equation Ak + 20) — 28,k + A) + k2A,(K) = pA/K) 27)

(7):

—a—afF(k, K';f) = (K + DF(k, K ) — 2F(k + A, K'; )

+ F(k + 2A,K'; )

we multiply it by é¥ and integrate the result ovérfrom
—oo to + oo:

+ oo

+ o0 . .
19 J dk Ak + 21) — 2J dk @Ak + A)

which we try to solve by the method of separation of vari- +oo iky + oo iky2
ables. For this purpose we treat the functigi, k'; f) in the + Jiw dk €Ak + J:oo dk €kA,(K)
form of an infinite sum of the products of two functions with
different variables: _ pj+°° dk A, (k). 28)
FkK:H) = AKBK:f), 20) -
g V0B We introduce a new function:

wherev =0,1,2, ... After substituting Eq. (20) into Eq. J”" iky _
(19), we have: — dkePAk) = a0 29

By (k': f and derive it twice:
_ Ak B

of + o0 " dZaV(y)
J dk €A () = — — 2. (30)
= By(K: HICAK) + AK) + Ak + 21) — 2Ak + A)]. —e dy

(21 After the substitutiork + =g, dk=dg, k=q— 7, we
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obtain: In order to assure the above mentioned symmetry we
e o choose:
iky _ gday gim
jim dk €Ak + 1) = J, dg € A &, (K) = AK), (39
(T i . so that the functiofr(k, k'; ) will have the following struc-
=e J, dg VA () = e "a,y). (3D ture:
The above equations lead to a new one: F(kK:f) = Vi o ~f2Av+(UD)— v+ 12)°) AKAK). (40

dzav(y) ( 72|)\y V=0

dy?
Taking into account that according to Eq. (17),= v,

2™ —p+ Dafy) = (32

Substituting the corresponding expressions for these
functions, the functioriF(k, k’; f) can be written as:

the above equation can be written in the following way: Fk K ) = zi J+oo dy dy’ g iky+ky)

& _

TP pa-2em e am—pay. @3
y x Y cZefevvrwa- PO+ W] g-Wyie Ve )

This equation is, in fact, the Schdimger equation for the v=0
Ztnaélgnir)l/ states for Morse potential, if one set@m = 1 o oA (—v, 2 o 2 e’W)

So, the solution of this equation for the domain of discrete Y Y

; . 2 2 /
energy values is [8]: % F(—v, 2 ol ) 1)
Y Y
_ —(Uye ¥ oy /1-pp( _ _ E - E —W)
ay=Ce € F( v.1 v 1=p v €7 Comparing this equation with Eq. (18), the density matrix
(34 is obtained as:

where F(...) is the degenerated hypergeometric function, .y f) = "”“Z”Cg e,f[ZWHNZ)),yz(wwz))z]e,ww(e—me—wu)
and this form of the solution is valid if the following condi- .y
tion is fulfilled:

v=0

1 xefufy(v+(u2>>1<y+y/>,:(_V, 2 5.2 e,w)
\/1—p=1—y(v+ E) (35 b% b%
. - 2 2
So, the numbev has the meaning of the principal quan- X F(—V, Z—2v, eV ) (42
tum number and for the bound states of two nuclei of a Y Y
diatomic molecule, it can have a limited number of values, If we return now to the initial variables and 8 and
corresponding to the maximal number of the bound states substitute the constant
Vinas: # 1 ah
X= y, B=—=f, y= ) 43
1 1 / “2mD
v=o,2,3,...\4mxz[——§], (36) 2mD
Y

we can write the density matrix in the following way:
where the symbol [...] implies an integer number of the .
quantity within brackets. p X B) =D e Ppx.X). (44)
Taking into account the condition for the quantiiythe

solution can be written in another way: Let us now write down the normalizing integral for the

a(y) = C,e ¥re” e—uw(w(uz))ly,:(_w 2_5.2 efw). density matrix:
'y 'y + o0
(37 J, p(x, X; B) dx

Following the definition, the functiod\(k) is expressed

Vmax
. . _ (252 2
in the fO”OWIng way: z e BD[2(afi//2mD)(v+(1/2)) — («“hi/12mD)(v+(1/2))“] — Z(B)v

v=0
Ak = —\/C;L Jﬂo dye—(yy)e*W o Lk Ly W2)ly (45)
T ) -
whereZ(B) is the statistical sum. Now we can derive the
% F(—v 2 52 e—w) 38) normalizing constan€, from the condition:
+ o0
p(X%X) dx = 1. (46)

but the integral will not be calculated for the moment. .
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This integral can be most easily evaluated if we use the
variablez (for the case = 0 in Eqg. (13), i.e. in the rotation-
less case):

v/2mD 2
7= 2 rf? e*aX — = e*aX’ (47)
@ Y
SO we obtain:
Csl(l)((w—m—l)ro dzefzz((zly)—val)fl[F<_v’ E;Z)]zz L
al\2 0 Y
(48

The integrals of this kind are solved, among others, in the
annex of Landau and Lifshitz textbook [9]. We wrote in the
paper [6] this result in a more compact form:

J, = J dz e %2 YF(~v, 8 2)]
0

V/O6—v—1\/6—v—1+Kk
:v!nv)F(a)"(k)( k )( k )

nwv+é & 5-1+k :
k
(49
Identifying the exponents:
=2 -1 s=2-n (50)
Y Y

we finally find the normalizing constant:

2 172
ar(Z -v)
ZET ) B

In this way, the solution of Bloch equation for Morse
potential, i.e. the density matrix has the following form:

C,=

& g, allby +v+1)

I, __
X B) = VZO ¢ )by + 1)

_ —ax | o—ax _ o
x e (K/2)(e " +e )(e aXe axX )(1/2)bv

X F(—V, by; K € ™)F(—v, by; K &™), (52)

where we have introduced the new notation for the sake of

simplification:
k=2_¥2MD  p K -1 (53
y ah

If we use Laguerre polynomials instead of degenerated
hypergeometric function, according to the relation (see for
example, Ref. [10]):

b, + v+ 1)

bv, _
L= SR, 7 1)

F(—v,b, + 1;2), (54)

than the expression for the density matrix can be written in a

more compact way:
K __ o
P, X5 B) = ex;{fBD G axX 4 g ax)]
D
voge QVIDy €X prg)

x —ax o—ax'\(1/2)b,
\; I'b, +v+1 ©=e™)

X LK e )LB(K &™), (55)

In this way the problem stated is solved.

5. Conclusion

There is no doubt that the result obtained is not a new one,
it is already known in the literature. What we consider to be
new is the method applied, i.e. the method based on the
application of Fourier transformation of the density matrix.
In this way, on one hand we broaden the scope of the appli-
cation of the method to quantum statistical physics, and on
the other hand we include this method in the line with other
methods for the derivation of density matrix of Morse oscil-
lator, together with the “classical” method, based on Eq. (3)
[6], method of Feynman path integrals [11], Green’s func-
tion method [12], or, hybrid method of combining Laplace
transform and Green'’s function [13].

The problem of the direct solution of the Bloch equation
for Morse potential still remains open, in the sense of obtain-
ing one closed (compact) analytical function, as in the case
of the harmonic oscillator, a function that would satisfy the
following limit:

X_Ijgg« PMorse = Pharmonic (56)

This would open the door to new, anharmonic (Morse)
spectroscopy € [MS])), which would include, as the limit-
ing case for small values of the variable the present,
harmonic spectroscopy.

The interest for Morse potential is governed by its appli-
cations: the system of coupled Morse oscillators is conve-
nient for the description of molecular vibrations [14]; the
description of the potential energy surface—PES and vibra-
tions of the O—H bond is also performed in terms of the
Morse potential [15] etc.
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